ON SUMS OF SL{3,Z) KLOOSTERMAN SUMS. 



JACK BUTTCANE 

Abstract. We show that sums of the SL(3, %) long element Kloosterman 
sum against a smooth weight function have cancellation due to the variation 
in argument of the Kloosterman sums, when each modulus is at least the square 
root of the other. Our main tool is Li's generalization of the Kuznetsov formula 
on SL(3,R), which has to date been prohibitively difficult to apply. We first 
obtain analytic expressions for the weight functions on the Kloosterman sum 
side by converting them to Mellin-Barnes integral form. This allows us to relax 
the conditions on the test function and to produce a partial inversion formula 
suitable for studying sums of the long-element SL{3,Z) Kloosterman sums. 



1. Introduction 

The classical Kloosterman sums originated in 1926 in the context of applying 
the circle method to counting representations of integers by the four-term quadratic 
form ax^ + by"^ + cz^ + dt^ [M] ; they are defined by 



5(a, 6, c) — 




(x,c) = l 
xx=l (mod c) 

and they enjoy a multiplicativity relation: If (c, c') = 1, then 

5(a, 6, cc') — S{c'a, c'b, c)S{ca, cb, c'), 

where c'c' = 1 (mod c), cc = 1 (mod c'). In 1927, Kloosterman [TJ] used these 
sums to estimate Fourier coefficients of modular forms, as did Rademacher in 1937 
[21] . Optimal estimates for individual Kloosterman sums were obtained in 1948 by 
Andre Weil [27]: \S{a, b, c)| < (i(c)\/(a, b, c)\/c, where d{c) is the number of positive 
divisors of c and (a, 6, c) is the greatest common divisor. In 1963, Linnik published 
a paper outlining methods for problems in additive number theory |17) in which he 
noted the importance of sums of Kloosterman sums and made the conjecture that 
such sums should have good cancellation between terms: 

Conjecture 1 (Linnik). Let N be large and C > N^"'^, then 

^^(l,^,c)«cl+^ 

c<C 
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One should compare this to Weil's estimate which gives (7'+'^. 

On a parallel track, between 1932 and 1940, Petersson [5^, Rankin [52] and 
Selberg '23' connected Fourier coefficients of modular forms to sums of Kloosterman 
sums by studying Poincare series. This led to Kuznetsov's trace formulas [15] 
which relate sums of Kloosterman sums to sums of Fourier coefficients of 5L(2,Z) 
automorphic forms, and using these formulas in 1980, Kuznetsov was able to make 
progress towards Linnik's conjecture: 

Theorem 2 (Kuznetsov). 

V -5(n,m,c) «„,,„ Ti (InT)^ . 
■^-^ c 

c<T 

As Weil's estimate here gives r^+', we must be seeing cancellation between 
terms as Linnik predicted. 

This second track has been quite fruitful for the followers of Iwaniec - sums of 
arithmetic functions, usually related to quadratic forms in some sense, can some- 
times be decomposed into sums of Kloosterman sums, e.g. [5], and similarly, ex- 
ponential sums related to quadratic forms can often be decomposed into Poincare 
series, e.g. [8]. The Kuznetsov trace formulas then play the role of Poisson summa- 
tion, allowing one to substitute a sum of Fourier coefficients of automorphic forms 
for a sum of Kloosterman sums and visa versa. Iwaniec in particular has made 
good use of a sort of double application of Kuznetsov's formulas; using positivity 
to study averages of Fourier coefficients of automorphic forms via the Kuznetsov 
formula and then applying these estimates to sums of Kloosterman sums via the 
second form of the Kuznetsov formula, e.g. [5]. 

Finally, we note that the Fourier coefficients of automorphic forms which are 
also eigenfunctions of the Hecke operators give rise to L-functions. By applying 
the Kuznetsov formulas in this situation we may obtain results on averages of L- 
functions and all of the problems to which such things apply, e.g. f7|. 

Now having noted the strong connection between analysis on SL{2,M.) and qua- 
dratic forms, it is hoped that analysis on 5*27(3, M) with play a similar role in the 
study of cubic forms, and the analysis of Hecke operators on 5^(3,8) automorphic 
forms is also known to give rise to L-functions. A paper of Jacquet, Piatetski- 
Shapiro and Shilika [10] and a book of Bump [5] (which is essentially his disser- 
tation), form the foundations of the L- function approach; and a paper of Bump, 
Friedberg and Goldfeld ^ initiates the study of Poincare series and Kloosterman 
sums on 5*^(3, Z). 

The BFG paper notes that the Fourier coefficients of Poincare series are given 
by sums of two new types of exponential sums in addition to the classical sums 
of Kloosterman himself; we will primarily be concerned with the long-element sum 
which we denote S'u,, (V'm, V'm c), for reasons which will be made clear later, and is 
given by the sum 

5*^, (V' mi,m2 ; '^n\,7i2 ; (^1,^2)) = 



Bi,Ci (modAi) 
B2,C2 (mod A2) 



Z2Bi^Y2Ai Y1A2-Z1B2 , Bi -B2 
+-1 +"^17+"^^ 
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here the sum restricted to those quadruples of Bi,Ci, B2, C2 satisfying 

{Ai,Bi,Ci)^iA2,B2,C2) = l, AiC2 + B1B2 + C1A2 = (mod ^1^2), 

and the numbers Yi, Zi,Y2, Z2 are defined by 

YiBi + ZiC\ = l (mod^i), ^252 + ^2(72 = 1 (modA2). 

In BFG, the authors list a number of basic properties of this new Kloosterman 
sum, which generally relate to its well-definedness and interchanging indices of 
characters or moduli, but the most important is a type of multiplicativity: 

Lemma 3 (BFG). // (ciC2, c'j^Cj) ~ 1 and 

cfci = C2C2 = 1 (mod c'ic'2), c[c[ = C2C2 = 1 (mod C1C2), 

then 

S't„,(V'm, V'n, {cic[,C2C2)) = S^i, (ipm' , ll^n, {ci, C2)) S^i, (ipm" , '^Pn, (ci,^)), 

where m' — (^c[ c'2mi,c[c2 "12^, and m" = (ci^C2mi,ciC2^m2) . 

Similarly, we have Weil-quality estimates for these sums, courtesy of Stevens: 
Theorem 4 (Stevens). 

\S^, (V-m, V'n, (^1, ^2))!' < d{Aifd{A2f (|min2| , D) (Imaml , D) (^1,^2)^1^2, 
where D = 

Dabrowski and Fisher [4] have improved these estimates in most cases, but we 
expect that the exponents (A1A2) 2 are sharp in the general case, though the author 
is unaware of any such proof. 

The hope that these generalized Kloosterman sums will play a similar role to 
their classical counterparts leads us to make Linnik-type conjectures for cancellation 
between terms in a sum of 5*^(3, Z) Kloosterman sums, and the main result of this 
paper confirms this for a smooth weight function when the moduli are roughly the 
same size: 

Theorem 5. Let f E C^((R+)^), and take X and Y to be large parameters, with 
ipm and ipn non- degenerate characters, then 



Sw,ilpm,'^en,c) ^ ^-^ '^'^^2 \min2\ TT^Ci | m2ni | 



ee{±l}=ci,C2>l 



If we instead apply Stevens' estimate for the individual Kloosterman sums, we 

-4-e 

are led to the bound (XY) , so we are seeing cancellation between terms in 
the sum. The {XY)t4 comes from the Kim-Sarnak bound on the (real part of 
the) Langlands parameters of SL{3,M.) cusp forms, and the X^ and Y^ terms 
come from some second-term asymptotics which present a difficulty in our partial 
inversion of a two-dimensional integral transform. If the generalized Ramanujan- 
Selberg conjecture (a.k.a. generalized Selberg eigenvalue conjecture) holds then our 

bound becomes {XYY + Y^^, but we expect that the optimal bound would 
be {XYY if ^^'^ ^ inversion formula. 
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We expect that the most interesting examples should have ci x C2, i.e. when 
X — Y, and in this case the dominant term becomes which is entirely 

controlled by the Kim-Sarnak bound. Again, under the generalized Ramanujan- 
Selberg conjecture, this becomes X2+^ and the optimal bound should be We 
have not chosen to track the dependence on the indices m and n here, but it is 
simple to do so. 

The methods here come from harmonic analysis on symmetric spaces. In par- 
ticular, these results are obtained by studying a generalization of the Kuznetsov 
formula to 5*^(3, M): Starting from a proof of Kuznetsov's trace formula on SL{2, R) 
by Zagier, and using the Fourier coefficient decomposition of automorphic forms on 
SL{n, R) by Friedberg (generalizes that of BFG on SL{3, R)), Li has given a gener- 
alization of the first of Kuznetsov's trace formulas to SL(n, R) and this appears in 
Goldfeld's book on automorphic forms on 5L(n,R) [9]. So far, only the most basic 
of estimates have come out of the SL{n) Kuznetsov formula and only for SL{3), 
these may be found in a paper of Li herself [16 , but in general, the integral trans- 
forms appearing in her formula are too complex to use effectively. Blomer has been 
able to push somewhat farther by developing his own generalization of Kuznetsov's 
first formula [1]. 

Using the Kuznetsov formula, we are able to express the integral transforms as 
an integral of the original test function against a function in Mellin-Barnes integral 
form. With this representation, we can produce a sort of first-term inversion for the 
integral transform attached to the sum of long-element Kloosterman sums, which 
gives us a sort of incomplete generalization of Kuznetsov's second trace formula, 
and the proof of Theorem [5] then proceeds much as in Kuznetsov's original paper. 

The central idea is that the spectral parameters of the 5*^(3, R) automorphic 
forms occur in a strip which is positive distance from the region of absolute con- 
vergence of the long-element Kloosterman zeta function. The aforementioned dif- 
ficulties with the second-term asymptotics prevent us from obtaining the analytic 
continuation of the Kloosterman zeta function, but a similar path of shifting con- 
tours outside the region of absolute convergence yields the above results. 

Yangbo Ye [28j has given an alternate approach starting directly with sums of 
the long-element Kloosterman sums. He provides a spectral interpretation which 
could be used to provide bounds in much the same manner as the current paper. 
The difficulty with his Kuznetsov formula, as with Li's, lies in the complexity of 
the generalized Bessel functions, hence an analysis of the functions occurring in 
his formula, as we are about to provide for Li's, should produce similar results. It 
would be an interesting problem for future research to compare the two. 

2. Background 

A good reference here is Goldfeld's book [9] for the automorphic forms side, but 
one should certainly start with the paper of Bump, Friedberg, and Goldfeld [3]. 
For the harmonic analysis on symmetric spaces, the author learned from Terras' 
book [3S] , but would like to recommend Jorgensen and Lang [TI] . Before we begin, 
we have two notes on notation: We tend to consider S'L(3,R) embedded as the 
matrices of positive determinant in G'L(3, R) / (R"*" , ±/) , so when we discuss matrices 
of determinant other than one, we simply mean to divide by the cube root of the 
determinant. Also, we parameterize by the Langland's parameters /i = (/^i, ^2, Ma) 
with /Li3 = —111 — /Lt2 in place of the parameters v used by Goldfeld. 
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X3\ 





















We write the Iwasawa decomposition for z e S'L(3, M) as z = xy (mod SO{2>, \ 
where 

2/1 

Hi S M"*" and Xi G R; note the ordering of the indices. The S'L(3, ]R)-invariant 
measure has the form 

dz — dx dy, dx = dxi dx2 dxs, dy — — 

(2/12/2)'^ 

and we define characters on the space of such x as 

^1 X2 X3^ 

^(mi,m2) I 1 a;i I = e{mixi +m2X2) , e (x) 



27rix 



e 



and characters on the space of such y as p^ijj) = 2/1 ^^^^2/2 ^ • The power function is 
normahzed by p = (1, 0, -1) so that Pp+,,{xy) = yl+'^'+^^yl'^'''. 

In terms of the Langlands parameters, the definition of Maass cusp forms on 
S'L(3,M) becomes: Writing G = SL{3,R), K = 50(3,R), and V = SL{3,Z), 
if : G/K ^- C is a Maass cusp form if 1^(72:) = ip{z) for aU 7 € T, <^ e L'^{T\G/K), 

i (p{uz)du — 0, 

JUiiZ)\Ui{R) 

for the upper-triangular groups 

Ui^<\ 1*15-, U2 





and (f is an eigenvalue of all the G-invariant differential operators on G/K. A 
Maass form is of type ^ = (pi,/X2,/X3) (where Hi + H2 + ^J'3 = 0) if it shares the 
eigenvalues of the power function at fi: 

-AlPp+f, = 11 1 pp+f,, A2PP+P = -^iP2Ai3Pp+M' 

where Ai and A2 are the generators of the group of invariant differential operators, 
S), which are given explicitly in [9, pl53]. It is known that —Jl is some permutation 
of /i for the Langlands parameters of 5*27(3, M) Maass cusp forms [26], and we will 
also need a result of Kim and Sarnak that |Re(/ii)| < [T51 [T51 [T^ . 
For the Langlands Eisenstein series, we have two types: 

E{z,n)^ Pp+p{jz), E^{z,^ii)^ ^ P^,^Al^)^ 

7er^\r 76-P2,i\r 

where 

and Pfii,cf,{g) = (2/i2/2)^"'"'^i^(a;2 + iy2) with cj) any S'i(2,R) cusp form. The Eisen- 
stein series are smooth functions on T\G/K which are eigenvalues of all of S), but 
not square-integrable. They have meromorphic continuation to all of C in each /i^. 
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Bruhat 


Compatibility 


Swii'm^i'n, (C1,C2)) 


/ 


Cl = C2 = 1 


m = n 


1 




Cl = 1 


mi = rti = 


S[-m2, -712,02) 


W3 


C2 = 1 


7712 = 7^2 = 


S'(mi,ni,ci) 



Table 1. Degenerate SL{3,Z) Kloosterman Sums 



Taking ;7(-) C SL{3, •) to be the Borel subgroup, and = (w"^ *?7w) n U, 
where w is an element of the Weyl group W, the Bruhat decomposition of an 
element g G 5^(3, R) is g = bicwb2 with 6i, 62 G U{M.) (the decompostion is unique 
if we require 62 G ?7^(M)), w € VF, and 



£2. 

Cl 



,ci,C2 e 



Cl, 



The Weyl group W has the 6 elements 



/ = I 1 I , W2 = I -1 I , W3 = I -1 



/l 










1 










1/ 






1 










1 




ll 










W4 = I 1 I , W5 = I 1 I , Wl = \ -1 

The generalized Kloosterman sums we study here are exponential sums attached 
to the Bruhat decomposition: We set 

hictDfc2ec/(z)\r/F„(z) 

provided the sum is independent of the choice of Bruhat decompositions of each 
coset representative, and otherwise. This independence assumption is called the 
compatibility condition. 

We wish to explicitly define the Kloosterman sums, which is best done in terms 
of the Pliicker coordinates: Coset representatives 

d e / I e [/(z)\r 

yfl b C I 

are characterized by six invariants: The bottom row = a, Bi = b,Ci — c 
having {Ai, Bi,Ci) = 1, and the first set of minors A2 = bd — ae, B2 — af — cd, 
C2 = ce - bf having (^2,^2, (^2) = 1 and subject to A1C2 + B1B2 + C1A2 = 
0. In [3], the Bruhat decomposition for each element of the Weyl group were 
computed using these invariants - note that membership in a particular Bruhat 
cell imposes certain requirements on the Pliicker coordinates, giving explicit forms 
to the 5^(3, Z) Kloosterman sums. The three degenerate sums are listed in TablelU 
using the classical Kloosterman sum. 
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The Wi Kloosterman sum is a new exponential sum. Its Bruhat condition is 
C2|ci and the compatibiUty condition is TO2C1 = niC2- Exphcitly, 

'5^4 (V'mjV'n, (^1,52)) = 

Ef C2C1 C1B2 C2 

C2 (mod B2 ) ^ 
Ci (mod Ai) 
(Ai/B2,Ci) = (B2,C2) = l 

The W5 Kloosterman sum is essentially the same as for w^. Its Bruhat condition 
is Ci|c2 and the compatibility condition is miC2 — n2Ci, and we have 

(c2,Cl)). 

There are Weil-quality bounds for this first type of Kloosterman sum due to 
Larsen (in the BFG paper): 

Theorem 6 (Larsen). 

a) \S^^{^m,^n,{Ai,A2))\ < d{Ai){\m2\ , |n2| , ^2)^1, 

b) \S^,{^m,^n,{Ai,A2))\ < fi(A2)(|m2|,|ni|,Ai)A2. 

The Bruhat and compatibility conditions for the long-element Kloosterman sum 
are vacuously true, and we note that in Theorem 31 Stevens is completely uncon- 
cerned with the dependence of his estimate on the indices m and n, so one needs 
to keep track of this: In his proof of Theorem (5.9), on page 49, use instead the 
estimates 

and similarly 

{\u2p'-^-''\;\\.[f-X\f) < {MCy)p''-'^. 

The Kuznetsov trace formula relates sums of Fourier coefhcients of SL{2,Z) 
automorphic forms to sums of the classical Kloosterman sums. It has two forms: 
The first allows an essentially arbitrary test function on the Fourier coefficient side 
and has transforms of the test function on the Kloosterman sum side; the second 
form has the test function on the Kloosterman sum side with transforms of it on 
the Fourier coefficient side. This is a type of asymmetrical Poisson summation 
formula, but having both forms allows us to use it in much the same manner - to 
study sums of Kloosterman sums using our knowledge of sums of Fourier coefficents 
of automorphic forms and visa versa. 

Starting from a proof of Kuznetsov's trace formula on SL{2,M.) by Zagier, Li 
has given a generalization of the first form to SL{n,M.); in the case of 5i(3,R), it 
becomes: 

Theorem 7 (Li). Let {ifj} be an orthonormal basis of the SL(3,M) cusp forms 
with ifo constant and Langlands parameters fij, and {(j)]} o,n orthonormal basis 
of SL{2,M.) cusp forms with 4>q constant and Langlands parameters ^'j. Let k e 
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C^{K\G/K), and m,n pairs of non-zero integers. Then 



(1) E^f^M-p.M) 



k (mi - M^-,-2/xi) 



+ 7^X1/ TH^ — ''-^^^^-^n4>A'^\iJ-i)ri4>^{rn\iJ.i)diii 

+ ,J' -.2 f 7Tr\V{n; ii)rj{rn-, iJ.)dii 

(27^^)2 iRe(/.)=(o,o) C'(/") 

= 6mnHl{k, Ipm, tpn, (1, 1)) 

where k is the Selberg transform of k, ipni^) — i'nivxv), 

C{n) = 7r"'*C0S^(/ii -/i2)cos^(/xi - /i3)cOS^(/i2 - Ms), 

Py^. , ?7, and rj^. are the Fourier- Whittaker coefficients of the cusp form ipj . the mini- 
mal parabolic Eisenstein series, and the Eisenstein series twisted by 4>j , respectively, 
and 

Hyj = \mim2nin2\ III k {\m\{xt)~'^ cw{x't)\n\~'^ 
im+l^ Jum Ju„(m ^ 



i^m{x)ll>n{x')dx' dx 



The proof of this is given in Goldfeld's book, with two corrections: The final 
formula for Hw should have U{M.) in place of U{Z)\U{M.) and cw in place of wc. 
Here V is the group of diagonal orthgonal matrices: 

r - (- ■ -.) (■ . 

Additionally, the only Weyl elements which appear for non-degenerate characters 
on SL(Ji,M) are the trivial element /, long element wi and the two intermediate 
elements W4 and w^. 

The test function k appears on the Fourier coefhcient side of the formula as the 
Selberg transform fc, but this has an inversion formula, called spherical inversion, 
which allows us to replace k with an essentially arbitrary test function, and so this 
formula generalizes the first form of Kuznetsov's formula on SL(2,M.). 

The spherical inversion formula for 5*27(3, M) has the form 

Theorem 8 (Spherical Inversion). For k S B.CS{K\G/K), the Selberg transform 
k^ k has the inversion 



kifx) 

JRe(/:i) = (0,0) |' 

where 



k{z) = I -^^f^h^{z)diJ., 



|C3(/^)| ^ = n f ~ ^(Mi - /^fc), 
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and h^{z) is the spherical function 

f^t^i^) = I Pp+ii{kz)dk. 



K 

k may he taken to he any Schwartz- class Junction on Re(/i) — (0, 0) which is in- 
variant under permutations of the coordinates o//i. 

This theorem of Harish- Chandra [U Ch X, Sect 5, Thm 5.6] is essentiahy that 
the Selberg transform extends to an isomorphism 

YiCS{K\G/K) ^ SCB^in). 

The first space is the Harish-Chandra Schwartz space defined by the property that 
/ belongs to the space whenever / : G — > C is bi-iiT-invariant, smooth in the 
coordinates of G, and for each bi-if-invariant differential operator D on G and any 
iV e N, we have 

(l + |logPn(a)ir' 

for all positive diagonal a. The second space is the Schwartz space of real-analytic 
functions on Re(/.t) — which are invariant under the action of the Weyl group 
(which acts by permutations of the coordinates of pL). 

To apply the Kuznetsov formula, we will need to know when the various sums 
and integrals converge. From the Weil-quality bounds on the Kloosterman sums, 
we may investigate the absolute convergence of the corresponding Kloosterman zeta 
functions: 



Proposition 9. 

E 



a) 



SwAi^ra,1pnAci,C2))\ ( cf \ (cl\ni\ 



C1C2 \C2\m1n1n2\J \ci\mi 



^ i 1 — for ui < 0, 

I [U1+U2 I il — Ui~U2-'2€ I i—Ui—e I mi ■' ^ ' 

\mi\ \m2\ \ni\ \n2\ 

|>5'^5(V'm, V'n, (ci,C2))| / yVci|n2|^"" 

^41m C1C2 \c1\m2n1n2\ ) 



C2 TO2 



c 



<C i n r — for ui < 0, 

I il— Ml— 112— 2e I \Ui+U2 I iMi I I— ui— e ■' ^ ' 

\mi\ \m2\ \ni\ \n2\ 

|<S'«,,(V'm, V'rj, (ci,C2))| / ^ " V C? 



2 



) y 

C1C2 \c2\m1n2\J Vci|m2ni| 

I |— Mi+e I \—U2+e r ^ ^ 

< |TOirt2| \m2ni\ forui,U2<--. 



(These normalizations are unusual, but will make more sense once we start eval- 
uating the integral transforms.) 

A simple consequence of the Kuznetsov formula are some mean value estimates 
for Fourier- Whittaker coefficients of 5'L(3,Z) automorphic forms, which will help 
us evaluate convergence of the spectral side of the Kuznetsov formula: 
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Theorem 10 (Blomer). For jj) and T > 1 fixed, the quantities 

\\^i,-^i''\\<T 



.((M);.)l^,^ 



are a/Z hounded by 



c{^i) 

Ro(/i) = (0,0) 



r2 (T+\y\\f. 



This is essentially a theorem of Blomer, but one can obtain these by applying 
Theorem[TT]with a test function k which is non-negative on the spectrum and decays 
rapidly away from the desired regions then applying bounds for the Jw^i functions. 
Such test functions are constructed in [6] - see [1^, and we will prove bounds of 
the requisite nature in the final section of this paper. Blomer demonstrates results 
of this type by applying a Kuznetsov formula of his own, the purpose of which is 
the same; that is, to make a sufficiently simplified version of the Kuznetsov formula 
on SL{3,M.). One can extend this to the m ^ (1,1) Fourier coefficents by applying 
the second half of the Kim-Sarnak result, ^'^/'"l ^ (77117712)1^"'''^, or by applying 
the Kuznetsov formula directly, which results in a slightly different bound. 

We will be making heavy use of the Jacquet-Whittaker function, which is initially 
defined by 

W{z;iX,ll:rn) = I Pp+f,{wiUz)iprn{u)du. 



Its completion is given by W* {z; p.^ipm) — ^{t^)W{z] ^^ipm), where 

a(m) TT-i+^-^^r ( l±J^l^\ r ( l±J^i^\ r - mi + M2 



We will need a number of basic facts about the Whittaker function, so we collect 
them here: The dependence on x is is given by W{xy; /i, ipm) = ^m{x)W{y] /i, V'm). 
It is also easy to check that if 7^ ti, t2 G M, 

W{y; n, ^/-tit J = p-p-^^i {\t\)W{\t\ y; fi, ipn), 

by sending u 1— > t~^vutv, where 

'sign(ii) 




sign(iit2) 

sign(t2) 

and /i'"' = (^3, /i2, /ii). Thus we only need an analytic expression for /i, ■f/'ii) 
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We have the double MelUn transform pair ^ 6.1.4, 6.1.5] 



W*{y, fi, Vii) = -T^ f Git, t^){^yi)'~*' i^y2)'-*'dt, 

Idtt'' ./Rc(t) = (2,2) 



G{t, m) = 4 / ^*(y' A^' ^ii)('ryi)'+*^ (^2/2)'+*^ dy, 

where 

r {'-^) r (^i^) r {'-^) r (^^) r (^^) r 



2 



The inverse Mehin form of the Whittaker function also gives the following asymp- 
totics: By shifting the ti integral to the right (as we may by the exponential decay 
of G{t, s)), we see that the Whittaker function decays faster than any power of yi; 
by shifting to the left, we see that the Whittaker function is bounded by y^^^^ where 
ci — max {Re(— /ii), Re(— /i2), R.e(— /is)} for j/i small. The same reasoning applies 
for 2/2 with C2 — max {Re(/ii), Re(/i2), Re(/i3)}. In particular, the Mellin transform 
of the Whittaker function converges absolutely for Re(ti) > ci,Re(i2) > C2. 

Using the Jacquet- Whittaker function, the Fourier- Whittaker coefficents of a 
Maass cusp form ip, for example, are given by 



/ 



(f{uz)ipra{u)du = -VF* (|to| z; /X, V'll), 



iu(z)\u(K) |mim2| 
where Pip{m) is some constant depending on ip. 



3. Methods 

We start with Li's generalization of the Kuznetsov formula, whose complexity 
leads us to our first technical theorem: 

Theorem 11. Let k{p) be symmetric in fi, holomorphic in each variable on — ^ — 
e < Re(/ii) < Re(/i3) < Re(/i2) < ^ + e, and satisfy the bound 

then we have the formula IT} , where now 

ff/(fc,V'm,V'ri,(l,l)) = -TTT^ / ^(m) IT ^(A^fc -Aij)tan^(/ifc 

127r^ Jrc(m)=(o,o) 2 2 



H.^^{k,^m,1pn,C) = 7^—72 / k[^l)J^^^^, 5 

{2mYciC2 Jro(^)=^ V cf c^ni 

1 [ t( \j ( ci^i Tr^C2m2nin2 



H^.Jk.lpm.lpn.c) = f^_.^2„ „ I Hl^)Jnj5,^ ( — , ^ ) dfl, 



TT n I I \ ^ / 1 I \ T / " ''2"'-l"-2 " oi/((.2"l \ , 
H^^{k,ilra,Vn,c) = / k{^l)Jw^^^, \ , ) d/i. 



1 f 1 f \ r ( 7r^C2min2 7r^cim2rii 

(27ri)2ciC2 yRc(^) = 

with Jw,ii given by the Mellin-Barnes integrals (jlip . (|12p . and (jlOp 
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This should be regarded as a theorem on the higher-rank hypergeometric func- 
tions, in the style of Stade; it assigns to the weight functions Hw good complex 
analytic expressions, in the form of Mellin-Barnes integral representations, though 
we strongly suspect that we have not achieved the optimal such representations. 

Having the Mellin-Barnes representation as in Theorem 1 11[ we may easily com- 
pute a type of first-term asymptotic for Jwi,p,' 

Proposition 12. Jwi,tj.{y) = lyiP^' \y2\''^ + I]i=i ^i"!,i(Ai> 2/): where 



KwAp) =- 



and t/ie -Ewjj.j are given explicitly by equations (I14p - (|20p anrf satisy 
(2) £;.,,(M,2/) = o(|yir^''(''^)|y2|^''"^^)) 

as y — > wit/i Re(^i) < Re(^3) < Re(^2)- 

The asymptotics ([2]) are actually power-saving bounds over |yi|~^°'^^' |y2|^'''''^' 
which are vital to our purposes, but their dependence on Ke{fii) and Re(/i2) is 
unfortunately quite complicated. 

With this asymptotic of Jmi,.^ and the accompanying explicit error terms, we 
produce a type of partial inversion to the iJ^, transform: 

Theorem 13. Let f : (M+)2 C such that 

j(R+)2 vm 

has sufficient decay and holomorphy for 



(3) kit,) 



Rc(q) = q K.^^{qi, -92) 



{qi + q2f (2gi - 92) (2g2 - qi) 



:dq, 



(91 - Ml) (91 - M2) (qi - M3) + Ml) {q2 + M2) (92 + M3) 
satisfy the hypotheses of Theorem llli Then we again have the formula ([T]), where 
now 

H (k^ ^ c)- ^ ./ TT^Czmma Tr^cim^m 

ClC2 V Cf Ci 

and t/ie i^j ore given explicitly by equations (|2i p -()24 p and satisy 

(4) =o(|yir^My2r^^) 
as y — > wit/i Re(^i) < Re(/X3) < Re(^2). 

Again, does not quite do justice to the actual bounds we obtain. 

One should note that this is an incomplete generalization to ^^(SjM) of the 
second form of Kuznetsov's formula on SL{2,M.); it allows us to study sums of 
Kloosterman sums by applying knowledge of the Fourier- Whittaker coefficients of 
automorphic forms. As the asymptotic in Proposition [T2l is for yi,y2 ^ 0, this 



ON SUMS OF SL(3,Z) KLOOSTERMAN SUMS. 



13 



partial inversion formula is effective when studying sums of Kloosterman sums with 
i < j§f-|^ < 2, i.e. when each of the moduli is at least the square-root of the other. 
One would expect that in practice, the remaining terms, i.e. those having ci < yjoi 
or C2 < ^ill be small. Similarly, we expect that the sums of Kloosterman sums 
for the intermediate Weyl elements u'4 and lus will tend to be small compared to 
the long-element sum and the trivial term Hi. 

The formulae used above and in Theorem[5]depend strictly on the location of the 
contours in the Mellin-Barnes integrals for each J^,^, so we conclude the paper with 
some bounds to demonstrate their absolute convergence at the relevant locations, 
which are unfortunately not entirely trivial. The bounds we obtain are most likely 
not optimal in their dependence on ^, but they are sufficient for our purposes here. 

4. Evaluation of the Integral Transforms 

We will need a number of elementary results to obtain the Kuznetsov formula 
above, so we collect them here. 

4.0.1. Mellin Transforms. Define 

, . ( e (xexp (i — 9) sien(x))) if a; 7^ 0, 
1^ 1 otherwise. 

Note that eg is no longer a character of R. 
We have the Mellin transform 

e{ay)y*-'dy^{-2may'r{t), 







for Ke{t) > and Im(a) > (since it holds for — 27ria € by substitution in 
the Euler integral representation of the gamma function and extends by analytic 
continuation), and Mellin inversion gives 



e (ay) I (-27rm) * T (t) y-'dt, 

for c > and Im(a) > 0. 

As we are dealing with the principal value of the power function, we have 

(^2TTix ey.^ — 6^ sign(a;)^^ = (27r |a:;| exp (— i^?sign(a;)))~* 

g — f(log|27ra:| — if? sign(a:)) 

= |27ra;|"*e^*^"'sn(:r)^ 

The construction of eg{x) is such that the argument of the exponential always 
has a negative real part, so applying the previous two formulae gives 

(5) «„._l^|^^|„r'.««»*>r(|)r(i±i).,, 

for a; ^ and c > 0. 

We also have the Mellin transform 

+ l -2u-t-l 



(6) / {l + x^)''x*dx = -B 

Jo 2 



2 ' 



for < Rc{t) < — 2Re(M). Here B{u, v) — ^p?^^^^) is the beta function 
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4.0.2. The G Function. We start with G*(u, ^) then the G function has 

poles at ui = /li and —U2 = fii, so up to permutations, we may assume a pole is at 
ui — 111, then the residue of G*{u,fi) there is given by 

^*(--| ^ 0-1-/^1+^2 V 2 / V 2 ) 2 / V 2 ) 

IJ-/ l-L, U2,/ij ■ ^TT p ^ l+Ai2-Ml -j p ^ l+Ms-A'l j p ^ 1+^2-^3 ^ 

For the other poles, we let Gl{j,U2, fJ.) be the residue at ui — iij, and G*{j,ui,fi) 
the residue at —U2 = 11 j- 

The residue at ui — fii again has poles at —U2 — M2,M3, and we assume —U2 — 
/i2, giving the residue 

Glil,2,fj.) :=4^i-A'i+M2 M 2 Ml 2 2 J 



p ^ 1 + M2-Atl j p ^ 1 + M3-A'l j p ^ 1+M2-M3 ^ ■ 

In general, let G^(j, fc,/i) be the residue at (wi, — U2) = (Mjj/^*;) for j 7^ A:. 

4.1. The General Term. In Li's construction of the Kuznetsov formula, the final 
step involves integrating away some extra variables on the spectral side, using the 
following theorem of Stade [24] on SL{n,M.): 

Theorem 14 (Stade). For Re(s) > 1, 

2n-ip/!^\ f PF*(y,^,V-i....,i)W^*(y,/x',Vi,...,i)d^^.(y) 

^ ^ ^ J(E+)"-i 

's + Aij 



nnr 

j=i k=i 



whe 



n—l J / n—1 \ 

3=1 yj \i=i / 

Li obtains her final Kuznetsov formula by applying Stade's formula at s = 1, but 
this will make it impossible to obtain a function which is nicely holomorphic in the 
region we require. Instead we will apply Stade's formula at s = 2, which results in 
a weight function on the spectral side which is actually too large. So we replace k 
with 



-Mfc 

2 



2r(f)r(i)^n,<.r(^±^)r( 



2 



=h{ii) n 
^ i<k (^j' " ^"'> 

and the spectral side is now of the correct magnitude as a function of k. Here we 
are taking for granted the property that —JI is some permutation of /i. 

Before we truly start the simplification process, we must engage in a series of 
transformations: Since tpm{x) — ipii{mxm^^), and \m\m~^ € V, conjugating by 
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and by tn~^ we have 

_ Imimamnal f f f j, (t-'x-'awtx') 



where 



U{R) JU^ 

tpii{x)ipt{x')dx' dx Cw{t)t2ti dt, 



a = mcwn ^ = \ ai | (mod M"*"), 




and Cw{y) is the Jacobian of the change of variables u ^ yuy~^ for u € !7t„(IR). 
Note that ai and a2 may be negative! Now interchange the x and x' integrals. 
Then if wx' = x*y* (mod K) and = wtw~^ , we may translate and invert 

x-^{at'")x*{af")-^ H> X. 

H^ = P^^^^J I I k{t-^xat-y*) 
(mim2) Cw[n) J^M+f Ju^{r) Ju{R) 

i^ii{x)^at"' {x*)ijjt{x')dx dx' Cw{t)t2ti dt. 

Since A; is a function on K\G/K, it is invariant under transposition of its argument, 
so send {at^y*)^^x{at^y*) x and transpose, giving 

= , '"^^"^y;' /• /• / fc(wvi-^)?^(^M^ 

i>at^ {x*Wt{x')p2p{at'"y*)dx' Cy,{t)4tl dt. 

We now apply spherical inversion. This will require some care with respect to 
convergence of the integrals, but the integral in x can be evaluated explicitly as in 
the following lemma. 

Lemma 15 (Fourier Transform of the Spherical Function). For Re(/ii), Re(/U2) € 
(-1,0), let 



X{y,fi,il^)= hf,{*xy)il){x)dx, 

Ju(M) 



where the integrals over xi and X2 are taken in the limit sense, then 
X(y,/x,V) = KW{y-\~iJ,i;)W{I,ii,ij), 

where 



l<i<i<3 



Note: We expect this formula to hold on SL{n,R) for arbitrary n, but the 
interchange of integrals might be difficult to justify. 

Applying spherical inversion, we may shift the integrals in fii and 112 slightly to 
the left of the line and apply the above lemma. Note that, despite appearances, 
we have an expression for |c3(;u)|^ which is analytic in fi. After moving n back to 
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the lines, we have 

\mim2nin2\ f f f ^(a*) 



I I- I 

J(R+Y JUy,(R) JR( 



W{{at'^y*)~'^t, -n, ■tlJat^y,)W{I, tpat^y )dii 



i>at« {x*)i)t{x')p2p{at'^y*)dx' Cu,{t)4tl dt. 
We then return at^y* to the argument of the Whittaker function: 

127r9(mim2)2Cu>(n) J^i^+y Jtj^(r) yRe(^)=(o,o) |C3(/X)|^ 

W{t, -11, ^ii)Wiary*,ii, yjii)dii Vat™ ix*)Mx')dx' aa,{t)t\tl dt. 

For all but the trivial term, we will use the Mellin expansion of the second 
Whittaker function. We will shift the lines of integration in this Mellin expansion 
Rc(u) i-> — ^ — lOe, picking up poles at ui = Hi and —U2 = Hi- As k, C3, and the 
product 

, Mi/r ' / ^ W*{z,-n,ipix)W*{z',n,ipix) 
Wiz,-nMW{z ,/z,Vn) = A(_^)A(^) 

are invariant under permutations of /i, we may collect like terms, leaving us with 
four pieces: The pole at ui = /U2, W2 = — M2; the pole at ui = /Ui with an integral 
along Re(M2) = ~| ~ lO^i the pole at U2 = —^2 with an integral along Re(ui) = 
— i — lOe; the double integral along Re(u) = — | — lOe. Then we shift Re(/ii,/i2) 
(— ^ — 9e, i + 9e), which is possible since ^'^ poles. Thus we are 

evaluating 

{2myCiC2 iRe(,^) = (-i-9e,i+9e) 

(8) 

P ( \ \mnn2n1n2\c1C2 I YJ . 2 7^ / \| /■ rxr/. I N 

24Tr^{mim2yCw{n) 2 J i(R+)2 

(-^ / G*{u,i,)XUu,v,Mi^liitry-^-{7rf32t^y-^^du 
+ ^i^(3itry'''' [ Gtil,U2,fi)X'J{^iuU2),v,(3,t){7T(32tr)'-"'du 
+ ^(7r/32t^)'+''= / G:{2,ui,,,)XU{ui,-l^2),v,p,t)i7rpitry--^du 



+ {np2t^y+^^Gl{l, 2, -^2), t)j C^{t)4tl dt, 

XUu,v,p,t)= l_ i,,pt^{x*)Mx')yt-^'yt-'''dx', 

where 13 = \a\, v = sign(a). and wc justify the interchange of integrals by explicitly 
computing y* , which shows that, in general, converges absolutely for some 
region in Re(ui), Re(u2) < 0. This will further show that the t integral converges 
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absolutely as well as the sum of Kloosterman sums. This step was a technical 
necessity, as we did not know it was safe to pull the t integral inside the sum of 
Kloosterman sums until right now, but having done so, we may forget about the 
sum of Kloosterman sums. 

The function is a type of generalized hypergeometric function. For fixed v, 
it is a function of four variables /32, ii, ^2 with two parameters ui and U2- The 
object of the remainder of the analysis will be to obtain a Mellin-Barnes integral 
representation for this function; this is accomplished by brute force: By judicious 
use of the 6$ function, and absolute convergence of the t, fi, u, and x' integrals, we 
will write H,,, as a limit over 6: 



lOTT^ jRe(u)=-i-10e 

^ ^{TTp^trr^- I Gt{l,U2,il)X'^{{lJiX,U2),V,P,t,6){T:p2t^)-^'du 



Re(M2) = -i-10e 

+ ^W^r / G;(2,t.i,/x)X;((«i,-/x2),t;,/3,t,e)(7r/3iC)-"^'i« 

O"" JRe(«i)=-i-10e 

+ ^Mi^r)""^ {T^p2t^r^Gl{l, 2, -/Z2), /3, t, 0) j tltl dt, 

since in every case, we have 

|mim2nin2|/3i/32 _ 1 ^ .4.2 _ .5^3 



{mim2YCw{n) C1C2' 
Suppose that we have 

X'Ju,v,p,t,e)= [ [ TUu,s,r,v,e){7Tpiyi-Kp2y 

jRe(s)=r) JRe{r)=ri' 

{'Ktiy'^'''\-Kt2y^^^''Urds, 

where r = (ri,...,rfe) and ry, rj' arc chosen to maintain absolute convergence. 
Explicitly, the absolute convergence of the t integral requires Re(4 + /i(r, s)) > ^ 
and Re(2 + /2 (' ,«)) > ^. Then we may again apply the Mellin transform of the 
Whittaker function, so 

(9) ^^= (9^2, r [ Hl^)JLA^)dti, 

where 

JL,a{y) = TTT-^ / kyil""' ^^21"*" N^{s,fi, sign{y))ds, 
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K is,fi,v)=[ f G* (u, ^l)R'^ (s, u, v) du 

'Rc(ti)=u 



(27ri)2 
3 

3 



Gl{l,U2,fi)R'^{s, (^i,M2),u) du2 

Rc(li2)— 112 

G*(2, ui,y)R'^{s, (ui, -^^2), w) 

Rc(ui )— ui 



60^(1, 2, ^)i?^(s, (^1,-^2), w) j ]Jtan^ -A^j), 



/ G*((4,2) + /(r,s)-^.-,-A^) 

247r (27r2)- 7Re(r)=r 



r,'„ ( M, s - u,r, w, ^ ) dr. 



with defined by t"^ = (i]")"^ (^2')"^ ; assuming we have absolute convergence 
at = f . 

This will conclude the construction of the formula. We will compute the bounds 
for these weight functions in a separate section below. 

4.1.1. Fourier Transform 0/ the Spherical Function. The proof of Lemma 1151 has 
three parts: First we give an integral formula for the spherical function; this is a 
slight extension of a formula in Terras |25l 3.30]. Then we justify an interchange 
of integrals in the absence of absolute convergence; essentially, we find an integral 
formula for the Jacquet-Whittaker function having a slightly larger region of abso- 
lute convergence. Lastly, some translation is needed to show the integrals we find 
are actually each the Jacquet-Whittaker function. 

We define the JT-part function on G as K{xyk) = k, then the power function 
identity [25l 3.17] 

Pp+f,{KCx)z) = pp+pCxz)p^p^f,{*x) 
comes from the decomposition *a; = xiyiki. 

Pp+pCxz) ^ pp+p{xiyikiz) = pp+p{yi)pp+p{kiz). 
We also need the change of variables formula 25, Lemma 4.3.2] 

f{k)dk = K [ f{KCx)V)p2pCx)dx, 

IK/V JuiR) 

where the measure on K/V is again normalized to /^yy dk — 1 Then we expand 

Pp+f^{kz)dk 

K/V 

K / pp+f^{K{*u)z)p2pCu)du 

JuiM) 

K / pp+f^{*uz)pp^f^{*u)du, 
Ju(&) 
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by substituting vkv h- > fc in the first integral. Intuitively, if we could pull the x 
integral of X inside the u integral of and send xu i-^ x, then we would have a 
product of two Whittaker functions; however, we have absolute convergence of the 
combined x and u integral for no values of /x. 

Applying this integral representation of to X, we have 

X{y, fJ., ip) = K \im / / pp+u,{''u''xy)pp-pCu)duip{x)dx, 

and the integrals inside the limit converge absolutely. We may then interchange the 
integrals and send xu i— )■ x, and for convenience, we also send *x i— >■ y*xy~^, giving 

X = Kp-p+i_,{y) lira / / pp+^{*x)ijj*{x)dxpp-^{*u)ip{u)du, 

where X{u, y, R) is the result of applying these transforms to the box [—R, i?]^, and 
ip*(x) = ■ijj{y^^xy). 

Now we need only to rearrange the x integral into an absolutely convergent form 
as the u integral will then converge absolutely by our assumptions on fj,. To that 
end, we separate the xs integral 



X3{xi,X2,^J-) = / Pp+pCx)dX3 
JR 



J 



(l+xl+xl) ^ {l+xl + (a;3 - a;ia;2)^) ^ dx^, 



and for convenience, we write Xs{si,S2) = Xs{xi,X2, where si = 
and S2 = -i±i™. 

A quick and useful bound for X3 comes from applying Cauchy-Schwarz: 

\X3{SI,S2)\ 



<Jjjl + xl+ xlf"""^''^ rfa^sJ il + xl + {xs - xiX2Yf'"'^''^ dxs 



_ ^ / r(-i~2Re(.i))r(-l-2Re(.2)) . Ms,)+i , Ms.)+i 
~V r(-2Re(si))r(-2Re(s2)) ""'^ ^ +'^2'' 

= Cis){l + xif'^'''>+^l+xlf''^''^+K 

assuming Re(si), Rc(s2) < —j. 
Substituting X3 xix^ gives 



JR V ^1 / 



S2 

dx^ 



so 



8X3 2(si + 52) + 1 ^ , \ o^^vt 1 ^ o ^ + r 1^ 

^ = ^ ^3(S1,S2) - 2 — X3(si - 1,S2) - 2S2 -X3{si,S2 - 1). 

OXi Xl Xl Xl 

Similarly, 

0X3 2(si+S2) + l„. . „ l + xj 1 ^ 0*2^^ iA 

-5 = ^ X3{si,S2) - 2si -X3{si - 1,S2) - 2 — X3{si,S2 - 1), 

0X2 X2 X2 X2 
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and 



8x28x1 




X1X2 




X3{si - 1,52) 



X1X2 



2{si + S2){2 + xl) + xl 



X3{si,S2 - 1) 



XIX2 




X3{S1-1,S2-1) 



X1X2 



+ 4si(si-l) 1X3(51-2,52) 



X1X2 



+ 4S2(S2 - 1) ^^3(51, S2 - 2). 



X\X2 



By comparing the powers of xi and X2 in each of the three partial derivatives 
of X3 against the given bound for the corresponding X3{si — a, S2 — b), we see 
that integration by parts causes problems near zero, but will give us convergence 
on an integral which is bounded away from zero, so we now split the plane into 
four regions (nine total components) as xi and X2 have magnitude smaller or larger 
than 1. On the region |xi| < 1, \x2\ < 1, we do nothing, as this integral converges 
absolutely without our help. On the region \xi \ < 1, \x2\ > 1, we integrate by parts 
in X2- On the region \xi\ > 1, \x2\ < 1, we integrate by parts in xi. On the region 
\xi\ > 1, 1x21 > 1, we integrate by parts in both xi and X2- 

Note that the only dependence on u in the x integral is to position the center of 
the box X . The integrals over the regions, after the approriate integration by parts, 
now converge absolutely (assuming e < j), hence the integral over the interior of 
the box is bounded and converges pointwise in u as i? — >■ 00. We have two types of 
boundary coming from the integration by parts: The first is the boundary of the 
box, whose integral is bounded and tends to for each fixed u as i? — >■ 00, after 
the appropriate integration by parts. The second set are the boundaries of each 
of the above regions: For the lines xi — ±1, integrate by parts in xi to obtain an 
absolutely convergent integral, and for X2 = ±1, integrate by parts in X2', again, 
the integral over the portion of these lines which falls in the box now converges 
absolutely, hence is bounded and converges pointwise in u. Lastly, the value of X3 
at the intersection of the box and these lines is bounded and tends to zero pointwise 
in u. Thus, by dominated convergence, we may move the limit inside the s and u 
integrals to obtain an absolutely convergent integral. 

After pulling the limit as i? — >■ cx) inside the u integral, the x and u integrals 
separate, with the u integral converging absolutely. Now we undo the substitution 
*x I— y*xy^^. To finish, we first note that a symmetry of the power function |25l 
Prop. 4.2.1 (4)]: With /i"" = (^3,/i2,Mi)7 we have 



Pp.{xy) = p^{y) ^ p^f,^, [wiy ^) = (w/* {xy) ^), 



so the Jacquet-Whittaker function may be written as 
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by sending x i~7> vx~^v for v — -i ^ and noticing that — p™' = p. Thus the 

rearranged x integral (now consisting of integrals over nine regions, twelve lines, 
and four points in the xi, X2 plane) is, by construction, an analytic continuation of 
the Whittaker function to the double half-plane Re(/ii), Re(/X2) > — g. 
Lastly, the product 

W{z,-fl,^ll)W{z = -r— 

A(-/i)A(/i) 

is permutation-invariant in fi^ so we may replace fi'"'' n- p. 

4.1.2. Trivial Element Term. Only occurs when m — n and only for the c — I term; 
the integral over J7u,(R) is trivial as well. Cu,{y) is just 1 since we didn't actually 
do any substituting, a = I, and x* — I, y* = t since It is already of the form x*y*, 
so pulling the t integral inside in ([7]) (justified by the absolute convergence of the 
interchanged form) gives 

|TOiTO2nin2| f k{n) 



127r9(mim2)2 yRo(^)=(o,o) |c3(Ai)|^ A(^)A(-^) 
W*{t, -fi, ^Pii)W*(t, fi, i'ii)tttl dt dii 

+ )2 

1 r ~k{p) 



^7-5 / Up) n ^('^/^ ~ Aij) tan ^(/^fc - ^ij)dp., 

2^" Jro(m)=(o,o) 2 2 



127r5 iRc(M)=(o,o) |c3(^)|^A(/x)A(-^)n,<fcC0sf (Aifc -Aij) 
1 

~ ~127r5 
by Stade's formula. 

4.1.3. Long Element Term. The computational data that is required is 

Cn,{y) ^ {yiy2)\ UM^U{ 



1 1 



C2min2 ciTO2ni 
ai = 5 — , a2 = 5 — , 



^1 ^-2 
•^1 + 2;2(x]^a;2 — 2^3) , _ •'^2 + •^I'^s 



1 + xf + {x[x'^ - x'^y ^ 1 + 42+:j^2' 



I ^/2 



2^1 ^ rT~JTT~j2 ' 2^2 — 



so that we are evaluating 



X'{u,v,(3,t) = 



f e (-vAxl - V2^x;+t,x[+t2x'2] {yiy-'''{y;y-^' dx'. 

Ju(m) \ ^2 ti ) 



We wish to separate the three x' variables, so we start by noticing that {x\x'.2 — 
Xg)^ + a;f + 1 = (1 + )xf - 2x\x'2x'.;^ -I- x'^ -I- 1; sending x\ ^ -7=5 and 
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y/l + xf the expression becomes {x[ X X ^ j X 3+1 and lastly we send 

X^ ^2^3 ' ^ X-y '\J 1 ~}~ ■ 



Xn,,^ e\Vl — - l-—p=A=+V2 — -—^+V2- 



u(R) " h (1 + xf)yTT^ ■ ti 1 + x'i h (1 + x^2)yri:^ 



(1 + ) ^ (1 + x':^) ^ (1 + x'i) ^ dx'. 

For each of the six terms in the exponential, we replace e (•) i— > eo{-) and apply 
its Mellin expansion ([5]) (interchange by absolute convergence): 



x'^^{u,v,ii,t,e) 



1 



exp -z6' (riwi sign(a::'j) + r2V2 sign(a;2) + r3U2 sign(x'ia;3)) 
exp —i9 (r4 sign(x2a::3) + sign(a::'J + rg sign(a;2)) 

-l-ui+2u2+2i-i -1 + 2U1 -u2-ri+2r2+2r3+T-4 + 7-5 

(1 + ) ^ (1 + ^ 

o J / I I I t^/'7\t^ / 'jl^-*^ 



dr. 



Collecting by sign gives 

A'^^ (r, i;, 0) / x'C^^'^^'x'^-'^-'^'-'^'x'i-''-''' (l + ) "'""^^2'"^+"^^ 

J(R+)3 

-l + 2^ll-^l2-^^l+2l^2+2r3+^^4 + r5 - 1 + ti i +U2 +'"1 +'■3 " 

(1 + 42) ' (1 + 4 ) ' dx' dr, 

where 

exp —10 (riWiEi + r2V2S2 + ?'3W2£l£3 + ''4e2£3 + f'5£l + f'6£2) 

ei,e2,e3e{±l} 

- J|2i~''^7ri/2r(rj) (cos6'(riWi +r3i;2 + r5)cos6l(r2U2 +7-4 + r6) 



+ cos 0{rivi - r^V2 + r^) cos 6'(r2i;2 - ''4 + J'e)) 
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where z/i, . . . , f g = e are small compared to Re(iti — 2u2) > ^, Re(— 2iii + U2) > \, 
and Re(— wi — U2) > \- The inner integral may be evaluated by ([5]), so we have 



1 - ri - ra - rs ui - 2u2 - ri + rs + 7-5 



2 ' 2 

1 - r2 - r4 - rg -2ui + U2 + ri - r2 - 2r3 - rs + rg 



5 ( 1 ~ ^3 - ?'4 -ui - U2 - ri + r4 + r5 



which converges absolutely for 6* < ^ because of the exponential decay of the A'^^ 
function. 

Sending (ri,r2+r3) i-^- (si,S2), (s2-?'4-r5, Si-rg) i-^ (ri,r2), and (r3,r4-r3) i-> 
(^1,^2), we may read off 



T' 



-S1-S2 



^L,((5l'S2 -tl,ti,ti +t2,S2 -ri-ti -t2,Si -r2),v, 
/ 1 - Si - S2 + ri + t2 Ul - 2U2 - Si + S2 ~ ri - t2 

^[ 2 ' 2 

/ 1 - Si - S2 + 7'2 - t2 -2ui + U2 + 2si - 2s2 + - r2 + t2 

^[ 2 ' 2 

B -ui-U2-si + S2-n 



f{r,s) =r, 

and sending 1 + r — it'"' 1— r and normalizing the powers of tt in we have 



(27ri)^CiC2 jRe(^)=^ 



7r^C2min2 7r^cim2ni 



where 



(10) JwiAv) = ■\2 / '^^ 12^2! iV^,(s,Ai, sign(y))ds, 
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3 



27ri 



(mi, W2 - M2), M)r (si - Ml) 

Re(ti2)— U2 



Tw,s{s, (M17'"2 - ^2),?^) dU2 

+ G;{2, {ui + Ml, -M2), M)r (si - ui - Ml) 



'Re(Mi)=ui 

T,„,,i(s, (ui +Mi,-M2),^^)c^wi 



+ 6G^(1, 2, M)r (si - Ml) -M2), -y) J J| tan^ ^(Mfe - Mj), 

T^,,l(s,U,w) / r(fi)r(s2 - U2 - il)-Rt(;i(s,W,^^,tl)rftl, 

1 



i?»,(s,u,^;,ii) =— -2 / G*((3,l)+r,-M)r(l + si-r2) 

rj„,,2(r-, s,u,v,ti)dr, 

2«i+«2+'"i+r2— 2si— 2s2 

^— / Ay,, (r, s, t, u, v)T {ti + 12) r (1 + S2 - ri - ii - 12) 

27r« jR,o(t,-i=t, 



R.o(t2)=t2 

Ml - Si - S2 + n + t2 1 + 2^1 - 2U2 — S\ + S2 — ri — t2 



2 ' 2 

W2 - Sl - S2 + r-2 - t2 -3W1 + 2U2 + 2si - 2S2 + Ti - r2 + t2 



= sin - (t;i (si - wi) + ^2^1 + S2 - n - ii - ^2) 

sin ^ (U2(s2 - U2 - ii) + ti + i2 + si - r2) 
+ sin ^ (t;i(si - u\) - V2ti + S2 - n - ti - t2) 
sin ^ (?;2(s2 - U2 - h) - ti - i2 + si - ^2) , 



and 



^=(-i-9e,i+9e), U: 
are sufficient to maintain positivity of the arguments of all the gamma functions. 



-e, s = -^-5e, t=^ + 10e, t = 2e 
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4.1.4. The Wi Term. The computational data that is required is 



1 



C2minin2 Cim2 
ai = 5 , a2 = — — 



\tit2'- 



^1 ^ 2 ' -'2 ' -'2' ^2 

SO that we are evaluating 



X'^^{u,v,f5,t)= I e(-v^^xl--V2p2tixl^t2x'^{yrf-^^{y*^f-'^-dx 



Sending x'^ !-> x'^y/T+x^ gives 
K, {u,v,l3,t)= f elvi-^ - «2/52ii ^ + t24 

As above, we send e (•) 1— >■ eg{-) and apply the Mellin expansion ([5]): 
= 3/2-^3 / / (7r^/3i)-'-^/32"''^(vrti)'--'-H^t2)'-^-'-^ 

(47r3/2jjJ 7r„(^)^^7^^(r) 

exp (riwi sign(a;2X3) - r2W2 sign(x3) + sign(a;2)) 

-l + ui+u2+'-l+'-2 -l + 2m-i.2+2r2 

141"--- |x^r--- (i+x^2) — ^ — ^^^^,2^ — , — 



nr©r(^)) 



dr. 



Splitting by sign and applying the Mellin transform © gives 



3/2 -AS / (^^/3l)-'^^/32''•nv^^l)'-^-'-^(7^^2)■'■^-'^^M:,Jr,^;,^^) 



1 

(4^3/2^)3 

' 1 - ''I - ^3 -Ui - M2 - ?'2 + ?'3 



B ('i^lL^, -2u, + U2 + n-r2- 
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exp -id (rii;i£2e3 - r2V2ez + rze2) 

e2,e3e{±l} 

n2i-'-^.V2r(,,)] 

(cos 6ri cos 9r2 cos ^ra — iv\V2 sin 0ri sin 0r2 sin Or 3) 
Sending n si, r2 S2 and ra i-)- r, we again read off 



^ 1 - .Si - -wi - 112 - S2 + r 



B 



2 ' 2 

1 — Si — S2 — 2Ui + U2 + Sl — S2 



2 

/i(r,s) = si - S2 
/2(r, s) = si -r, 



and we have 



^\2 / ' 



_ ^ I h.( \T I C2minin2 Cim2 , 

-^W4 — •\2 / '^\f^)'Jw4y^ \ 2 ' 2 J 



(2m)^ClC2 jRein)=r, V cf C^ni 

where 



(11) JwiAv) = /o"^-\2 / l^^il ^'Iy2| A^,„4(s,M, sign(y))ds, 



N^^{s,n,v) =[ /" G*(m + (/xi,-y^2),M)it!,«4(s,M + (^1,-^2), 

'Re(u)=u 



. (27ri)2 

+ 7r^ / G*i{l,U2,tj)Rwi{^,{tJ'l,U2- tJ.2),v)dU2 

+ / G;(2,ui,/z)i?.u,4(s, (ui +/ii,-/i2),?^)'iwi 

^"■l 7Re(«i)=Ui 

+ 6Gft(l,2,/x)i?u,4(s,(/xi,-/X2),w) j JJtan^ ^(/Xfe -/Uj), 
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2«i+«2-si-S2 

(s, u,v)= 247r(27ri)4 ^ - Wi) T (s2 - W2) 



1 + Ul + ^2 — Sl — S2 — 3ui + 2U2 + Si — S2 



-[ 



2 '^r(r) ^^^(r.s.u,^) 



G*((4 + Ml - ^2 + si - S2, 2 + ui + si - r), -/x) 
B f ^ + "^-^^-^ Z^^UHl+l] dr, 



7T 7T 7T 

= cos - (si - ui) cos - (s2 - M2) COS -r 

TT TT TT 

- wit;2 sin - (si - Ui) sin - (s2 - M2) sin -r, 



and 



r?=(— 2e, 2e), u = — e, 5 = — e, t = e 
are sufficient to maintain positivity of the arguments of the gamma functions. 

4.1.5. The Term. The computational data that is required is 



C2mi Cim2n\n2 
Oil = — — , a2 = 2 




cfn2 C2 



^'~l + xf + x'i' l + xT 

so that we are evaluating 

{u, v,l3,t)= f_ e (-vil3it2xl - V2 ^x*, + hx[) (y^ )'""^ (^2)'""= dx'. 

JU„{TSL) V '^l'^2 / 

This matches X'^^ with and the coordinates of v, [3, u and t permuted. 

Propagating the changes to T!^^ permutes the coordinates of v,u,s, and (/i, /2), so 

_ 1 /■ I,' W ( '^I'^i 7r^C2m2nin2 ^ 

(27ri)^ClC2 jRe(,x)=r, V C2n2 Cf 7 

where 

(12) Jw^Av) = /o^-x2 / l^/iP''' lyal"*' -/V«,5(s.M> sign(y))ds, 
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N^,^Xs,^^,v) I G*(w + (^1,-^2), Ai)A„5(s,'u + (Mi,-/i2),w)rfw 



Ro(ji)=u 

+ 7r~ / G*i{l,U2,ll)Rw.A^,{tJ'l,U2- tJ-2),v)du2 

+ I GJ;(2,ui,/i)i?^,(S)("i +Mi--A*2),w)d'"i 

iRo(«i)=ui 



6Gfc(l,2,/i)i?,^,(s,(^i,-^2),w) j J|tan^ ^{^ik - h)' 

J j<k 



2111+112— S1—S2 

1 + Ui + U2 - Si ~ S2 ~U2 + Si - S2 



i?,^, (S, U,V)^- 24^(2^i)4 ^ - Wl) r (S2 - W2) 



/ 2-T(r)A^,(r,s,u,«) 



D(r) — r 

G*((4 + M2 + S2 - r,2 - ui + U2 - si + S2), -m) 
^ •l + n^-S2-r -U2^s^^ 



TT TT TT 

^t«5 = COS - (si - Ml) COS - (s2 - U2) COS -r 

TT TT TT 

- zz;iU2 sin - (si - ui) sin - (s2 - "2) sin -r, 



and 



ry=(— 2e, 2e), u = — e, s = — e,r = e 
are sufficient to maintain positivity of the arguments of the gamma functions. 

4.2. Notes. 

(1) The above reasoning is sufficient to evaluate the trivial term of the Kuznetsov 
formula on S'L(n,M) for all n, provided one can justify the interchange of 
integrals in Lemma [TSl Though this line of attack works well for the trivial 
term, it gets more difficult for the remaining terms. The author would like 
to point out a method of Zagier in his infamous "unpublished notes" for the 
Kuznetsov formula on 5'L(2,M): He proceeded from the original formula 
by substituting x' x'x and then performing a substitution on xt to put 
u — m^^cwnx' in block diagonal form. For the positive discriminant case, 
one ends with an integral of essentially a Herz hypergeometric function. In 
the negative discriminant case, the author encountered an unexpected in- 
teraction with an off-diagonal term and was unable to complete the process. 
The purpose in mentioning this here is that up to that point the method 
appeared quite promising and readily generalizable; if one could overcome 
the technical difficulties, it should lead to formulas for the long-element 
term for the Kuznetsov formula on S'L(n,IR) for general n. As the trivial 
and long-element terms tend to be the most important for applications, 
that would be quite useful. 
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(2) Again, assuming the interchange of integrals in Lemma [15] can be justified 
on SL{n,M.), the long-element weight function is the SL{n,M.) convolution 

X'{a,n)^ / W{z,-fi,iljii)W{awiz,-fi,^pii)pii{z)dz. 
Jg/k 

It would be nice to think that this satisfies some differential equation in a 
having a known solution. This would give X'{a,fi) = g{p)f{a,fi) and we 
will compute the limit 

limp_p_^™, {a)X'{a,fi) ^ Jl B fi^ - fiA 7^ 0, 

3<k ^ ^ 

for Re(/ii), Re(^2) > 0, which would fix the value of g{y)- The author did 
not have much luck finding such a differential equation, but still believes 
it should be related to the differential equations satisfied by the Whittaker 
function itself. (This would be obvious, except that we are rj(7/it-translating 

(3) While we have made use of the gamma function to convert exponentials 
to powers (i.e. the Mellin expansion of the eg function), Stade was able 
to compute the Mellin transforms of the Jacquet- Whittaker functions by 
converting powers to exponentials (essentially the same trick in reverse), 
giving quadratics in the exponential terms, which can then be evaluated 
using the known Fourier transform of exp— x^. Attempting to do so here 
becomes complicated rather quickly. 

Stade was also quite successful in applying the theory of Barnes integrals 
to reduce the number of extraneous integrals in the Mellin transform of the 
Whittaker functions. Again, we did not have any success with this method. 

(4) One may reduce the number of extra integrals in the long-element weight 
function by 2 by sending y i— > y\m\ and y' i— >■ y' \n\ and integrat- 
ing over both y and y' separately. (As opposed to sending y i-> t\m\ and 
y' ^ t \n\ ^ and integrating over t.) This then requires finding an exponen- 
tial decay factor in the weight function to compensate, which is somewhat 
difficult. 



5. ASYMPTOTICS OF THE Ju,l,^l FUNCTION 

We want to achieve the highest power of the (3 variables possible - this gives the 
fastest convergence of the Kloosterman zeta function, so we want to move the s 
variables as negative as possible. As the s variables are indirectly bounded below 
by (/ii, — /i2), any terms which allow us to cross below those lines will be considered 
small. Thus we only care about the u — (0, 0) residue in the function. Then 
we shift the s integrals back, with poles at si = /ii and S2 = — /i2 +^1, and we shift 
the ti integral back, with a pole at ti — 0. So far, we have 

(13) J^,^^(y)^6|2/ir^My2r ^G,*(1,2,m) ntan'f(Mfc-A^^) 
Rwi ((a^i, -M2), (mi, -M2), 0), 
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as 2/ — )■ 0. This yields the error terms of Proposition [T2] 

(14) E^,,,{f,,y)=-^ll[t^n^^(pk-fiA f lyiC' \y2r' 



(17) 



(18) 



G*(2, (ui + ^1, -^2),A*)r (si - ui - Ml) 

/Rc(tti)— ui 

Twi,i{s, (mi + /ii, -/i2),w) fiwi rfs, 



(27r« 



(15) E^,,2{^i.y) =7KZ7^ I TTtan' TtIa^^ -Mj) 1 / l^il \y2\ 



/ G;*(l, (mi,U2 - M2),/^)r(si - Ml) 



/Ro(u2) = U2 

T^,,i(s, (/ii,U2 - ^J.2),v)du2 ds 



(16) i?.,,3(M,2/) =77^ I I I tan' ^(a^^ "M,) | / lyil"'^ lyaP'^ 

/Rc(s)=s 

G'*(U + (mi, -M2),M)r (Sl - Ml - Ml) 

' Rc{it)— u 



EwiAtJ-,v) ^j^^Gl{l,2,n) ^nf^n' |(Mfe -Mj)j 

/ |y,|-^r(si-Mi) / 

jRo(si)=Rc(^i)-e JRc(ti) = ti 

|^^|M2-ti p j-^ J jj^^ ^^^^ -M2), V, ti) dti dsi, 
En^AP^.y) =^G:(1,2,m) \{tav?^{iik- ^J^J) 

\J<fc 

/ \yir'\y2n 

jRc(s2)=Ro(-p2)-e 

^^,,,1(5, (/ii,-M2), sign(y))ds2, 



(19) E^,A^^,y)=-^^ 



G^(1,2,m) |^ntan2|(^fe-^,)j 



(27ri) 

f \yir'\y2\ 



"1 L, l~*2 

lyii 

Rc(s)=Rc(/^i ,— ^2)' 

r(si - Ml) i(s, (MI7-M2), sign(y))ds, 
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(20) 



^TTl JRo(ti) = -e 



/Rc(ti) = 

Rwi ii^J■l, -A*2), (a*!, -M2), V, ti) dti. 



Returning to ([8]) , we may compute the main term explicitly. We have J^^ ^ (y) 
Jwi.iii'^'^y), so for Ke{^i) = (-i - 9e, 5 + 9e), 

^mjy.r \y,\-^^ j:^^Jy) 



,5,3 



T^(i,-Ai,Vii) 

+ )2 



lim -/i2), sign(y),|y| ,t)tft3dt, 

by dominated convergence. The limit in X^,^ is actually a Whittaker function, 
hmX;, ((^1,-^2), sign(y), \y\,t) = [ M^')yf-^'yf+'^^dx' 

= W{I, (A*2,M3,Ml):'0i) 

Wit, (Ai2, /^3, V-ii), 

again, by dominated convergence. Applying this to the limit of Jw,,i_i gives 



-^1+^2 



ntan2|0,,-/i,) G:(1,2,m) 



167r3 

W{t, -fi, ^pll)W{t, {112, M3, Ml), ^^11)^1^2 




3< 

4+2 . 



n(A^, - Mfc) tan J (a., - Mfe) G:(1, 2, ^)^M_ 



n 



2 y V 2 



,i r(M)r(M) 
r (iii^ii^) r (iii^) r (^i^) 

p ^ 1 + M3-A'l j p ^ 1 + ^*1-/^2 ^ p ^ 1 + M3-P2 ' 

thus Jwi,fj,{y) ^ \yi\ 12/2!^^ Kwl{^J■)■ This expression then agrees with right hand 
side of ()13p over the entire range of holomorphy by analytic continuation and we 
have Proposition [T2I Note that we induced an asymmetry in the original definition 
of the J^i; function, hence the asymmetry here. 

5.1. Partial Inversion Formula. If we take our test function to be (jSj then in 
iJu,,, we move Re(/ii, — ^2) ^e{q) — e, and apply the asymptotics of Jwi,ij, at the 
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double residue fx — {qi, —92) gives Theorem [T3l with 



1 



(21) F,if;y)=-—^ k{^l)J^„^{y)d^i, 

1 /' f 2f _\ '^wi,{qi,ti2)iy) 



(22) F,if;y) = — / / f{q)- 

(91 +92)^(2^1 -92) (2^2 -91) ^^^^^^ 



(gi - M2) (291 + fj.2) (qi + 92) (92 + M2) (92 - 91 - M2) 

(23) F,{f;y) = ^[ [ /(g) 

^T''* ■/Ro(/ii)=Rc(gi)-f JRc(g) = q -f^tii, i^l, -q2) 

(gi +92)^ (2gi - (72) (2^2 - 91) .d^d^ 



('J'l - Ail) (91 + 92) (91 - 92 + Ml) (92 + Ail) (292 - Ml) 
(24) Fj+3{f;y)^ f{q) ' T^c^?- 



/Rc(g) = q K^^{qi,-q2) 

It may be possible to study the Kloosterman zeta functions directly by simply 
not integrating over q in k; this would require a test function k which cancels the 
intermediate terms in H^^ and J^, (the terms with a residue at one of qi or 52, but 
not both, and the terms with a residue at one of si or S2, but not both, and the 
term with a residue in ti). 

6. Sums of Kloosterman Sums 

Let g{y) = f{Xyi,Yy2), then the assumption that / have compact support is not 
strictly necessary, we merely need holomorphy of g on Re(qi), Re((72) S (~5 ~ 
and the bound 

j^-Rc(gi) y-Rc(g2) 
3(9) « ^ --^^ 

ml m 

which follows by integration by parts twice times in each y variable. Theorem [5] 
follows from Theorem [13] by fixing the contours of the error terms and those of the 
cusp form terms, Eisenstein series terms, and non-long-element Kloosterman sum 
terms and justifying their absolute convergence in the new locations. Specifically, 
we want to shift the contours in q as far to the right as possible. 

For the cusp form terms in ([1]) , we may shift the q contours of /c up to q — — ^ — e 
without encountering poles at any of the qi — fii or 52 + Mi terms, thanks to the 
Kim-Sarnak result. The K^^^ {qi, —92) term has poles at —91—92 ~ 0, —2qi+q2 = 
and qi — 2g2 = 0, but we need not encounter these and they are cancelled by the 
terms in the numerator as well. Now the mean- value estimates of Theorem [TU] 
show that the sum over the cusp forms converges absolutely so we have the bound 
{XY)t4+'^ here. 

The terms in (P) for both types of Eisenstein series have k evaluated at Re(/x) = 0, 
as does the trivial Weyl element term, and the sums of Kloosterman sums at the 
W4 and W5 Weyl elements still converge absolutely at Re(/i) = (— e, e) so for each of 
these terms we may shift the q contours to q = — 2e. Again, absolute convergence 

gives (xr)2^ 
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j 


q 




u 


t 


t 


1 
i 






-oe, — oej 1 


;i - 6e, lOOe] 


1 (2e,0) 


2 


Qi 




-3e,-5e) ( 


- 6e, lOOe] 


1 (2e,0) 


3 


Q2 




-3e,-5e) | 


- 6e, lOOe 


1 (2e,0) 


4 


Q2 






- 6e, lOOe 


1 (2e,0) 


5 


Qi 




! 


|i - 6e, lOOe) 


1 (2e,0) 


6 


Qo 






- 6e, lOOe] 


1 (2e,0) 


7 


Q2 






^ (-i 106) 


(2e, i - 2e) 


8 


Qi 




(- 


-i+20e,-4e) (2e, 1 - 2e) 


9 


Qo 




( 


-i -e,100e' 


) 2e, i - 2e 


10 


Qi 




( 


-i - 6e,-4e 


) (-il) 



Table 2. Contours for the Fj error terms. 



In the section on bounds, we wiU show the Fj error terms of Theorem [13] are 
ah bounded by {XYY^'^{X^ + Y^) by takmg the contours as in Table with 

s = — i — 3e, and 

Qo = -2e, Qi = (^-i-4e,-66^ , Q2 - (^-4e, -i - 6e 
Lastly, we choose 

?7=(-e,e), s = -2e, u = -3e, ^ = \' 

for Jm4,^ and Jw5,fi- Our choice of s maintains the absolute convergence of the 
Kloosterman zeta function, in most cases, and the exponent on the bounds come 
from q. 



7. Bounds 

We are left with two items to prove, which are essentially the same: First, com- 
pleting Theorem [TT] requires justifying the growth hypothesis on fc, in other words, 
bounding Jw,tJ., which is also desirable for Theorem [TOl Second, the evaluation of 
the integral transforms, the asymptotics of Ew^_j and Fj given in Proposition 1121 
and Theorem [131 ^-nd the completion of Theorem [5] all require absolute convergence 
of the Mellin-Barnes integrals. 

It is difficult to obtain a general bound for N.^^^^ and J^i that works for all ranges 
of the 77 and s parameters, hence it is also difficult to show that these functions 
converge absolutely over the entire range of holomorphy. Therefore, we will not 
actually show that these functions are holomorphic over the given ranges. This 
leads one to question whether it is valid to shift contours as we have freely done; 
for the skeptical reader, we have a simple justification: Do the shifting before 
taking the limit in 6 back in the original construction. As we have the bound 

^'wi 11^=1 |7'j|^°^'^^''~^ exp ((6' — -1) |Im(rj)|), both convergence and the validity 
of the shifts are obvious. Then we only require that the end product converges 
absolutely at 9 = ^, and that is what we will show. 
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The fundamental asymptotic here is Stirling's formula: For Re(z) in a compact 
subset of M (not containing a pole of the gamma function), 

|r(^)| ^^l^l^'^^^'-^e-^l''^^^)!, 
which leads us to integrals of products in the form 

Y[ \ai,lUi + . . . + tti^nUn + bi^iVi + . . . + bi^rnVml"' du, 
Re(u)=c ^ 

where atj, Cj e M are fixed, with Vi gC having fixed real part. Note that for a and 
c non-zero and fixed, & G K, we have \a + bi\ x |c + bi\. Provided the exponents are 
not somehow accumulating on any subspace, we would expect such an integral to 
converge when < ~ 1' we give a series of lemmas designed to show 

that these converge in our situation. 

7.0.1. The Beta Function. For Re(w), Re(ui), Re(u2) fixed, applying the second 
form of Stirling's formula shows that B{u — Vi,V2 — u) decays exponentially in u 

unless 

max{Im(t;i), Im(t;2)} > lm{u) > min {Im(t)i), Im(t;2)} , 
and in that case, we have 

I |Re(u— wi) — i I \Re(v2—u) — i 

B{U - Vi,V2 - u) ^ ^ ' 



\V2 — Vi\ ^ ' ^ 



We will need the following estimate many times: 
Lemma 16. Suppose oi + a2 < — 1 with a\ and 02 fixed, and s >0, then 

|1 + i{s + t)r \l + i{s- t)]"' dt<^\l+ jspax{ai,a2,ai+a2 + l} _ 



/ 

J — ( 



Proof. We split the integral at — 2s,0, and 2s. For the first integral, we substitute 
t ^ -t-2s: 



ai+02+1 



7i = ^ +^ ^ \i + i(^s + 1)\"' \1 + i{t + 3s)\"'dt -^11 + is 

similarly /4 ^ |1 + is\"'^'^°''^'^^ . For the second, we substitute 1 1-^ —t — s: 
l2= f \l + it\"'\l + i{t + 2s)\''^dt 

J — s 

^\i+isr \i+itrdt 



similarly, h^\l + i5|«i+--{o.«2+i}_ □ 

Using one of the first two terms in the maximum essentially incurs a loss, so we 
will tend to enforce ai, 02 > —1. 

Clearly, the same holds for the beta function, without the requirement that 
ai+ a2 < —1, so 
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Lemma 17. Suppose Re('y) = with Di + u, t)2 — u not non-positive integers, and 
u, D _^a;ed, and p > 0, then 

[ I \B{vi + u,V2- «)r \du\\ ' « + ^2r^4"-''=.-"-''i4-i} . 
y.'Re(u)=u y 

7.0.2. The G Function. The residue GI{1,2,ijl) is bounded by 

2Re(ni-H2)-l 2Re(^i-f.3)-l 2Re(/»3 -<»2)-l 

G^(l,2,/i)<|/ii-/X2| ^ 1/^1-/^31 = 1/^3 -M2I 

The residue (j*(1, U2, m) has exponential decay in Im(M2) unless Im(/i2) > Im(— M2) > 
Ini(/^3) (up to permutation of (/U2,M3)i for fixed Re(u2)), and it is bounded there 

by 

2Re(^l-H2)-l 2Rc(mi-M3)-'- Re(M3-M2) 

G;*(1,U2,m) <l/«l -M2I = IMI-MsI |M2-M3| = 

Re(ix2+)^2)-l Re(u2+M3)-'- 

IW2+M2I = |W2 + M3| 

Thus G(* and G* integrate much like beta functions: 

\G*i{l,U2,ij)\\dU2\ 



Re(u2)=U2 

< IMi - M2I ^ IMI - /^3| ^ 1/^2 - /^3 



2Re(Ml->.2)-l , ,2Re(Ml->.3)-l , ,Re(u2+/i3) 



/ \G*{2,ur,ii)\\du^\ 

JRe(ui)=Ui 



2Re()<i->>2)-l 2Re()<3->>2)-l .TJoCo, 1 

<|Ati-/U2| ^ IM3-M2I ^ |Mi-M3r^ ' '^'^ 

For Re(u), Re(/u) fixed, applying Stirling's formula gives exponential decay in m 
or U2 for G* unless, up to permutation of fx or (mi, — M2), 

Im(/xi) > Im(ui) > Im(/i2) > Im(-U2) > Im(/i3), 

in which case, we have 

l-Re(ui+i^2) 3 Re(t.i-f.i)-l Re(U2+J'i)-l 

, X „ |m + M2| ^ lli^ilm-Mil ' 1^2 + Mil 

Cr {U,fJ,)<^ Re(^2-)^l) Re(,.3-Ml) Re(^2-(^3) 

|M2-/^i| ' 1/^3 -Mil ' IM2-M3I 

For integrals of the G function, it is sufficient to prove the following lemma: 

Lemma 18. Suppose Ui, 6^ > — 1 — e, a2 + 62 + c > — 2 — e, and vi < V2 < with 
vs — V2 > V2 ~ vi, then 

/ / |1 + - U2)|'']^ |H-i(Ul - t;i)|"' |H-i(U2 - l'i)l'" <^^^2C^Ml 

< |1 + i(V3 - Vl)\^+' |1 + i{v^ - V2)\^^' |1 + i{v2 - Vi)\^+' , 

where 

K = a\ + a2 + as + b\ + b2 + + c + 2, 

5 = min |^,ai + 02 + 1, ai + 02 + 61 + c + 1, ai + 02 + &i + 62 + c + 2| . 



Permuting r] and interchanging (ui, r/) -H- (U2, —7?) as necessary, we obtain 
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Lemma 19. Suppose Ui — rji , U2 + rji > —1 — e, then 
|G*(u,^)| \du2\ \dui\ 

Ro(«)=u 

<|Ai2-Ml| ' 1/^3 -Aill ' IM2-/^3| ' 

El ,,11? ,,w\ -^^-o^+e I , I ■^^^^+e \ w ,,10 \ S+€ 

1^3 - Ml I 1^3 - M2 I 1^2 - Ml I 



where 



1 ^ . f K 2ui + + 1 2u2 - r?i + 1 
K = Ui+U2 — -, d = mm 



2' z 3' 2 ' 2 



Proof of Lemma \18[ We split the integral into three parts: The first with U2 > 
^^2±iia.j the second with ui < "'-'^'"^ , and the third over the remaining region. For 
the first integral, we send U2 i— > U2 + U3 , then 


|1 + i{ui -V3- U2)r |1 + «(^'2 + V3 - vi)\ ' 

2 

|l+*("2+f3-^'2)|''' 11+^2!'" dU2 
|1 + - V3)\' |1 + i(w3 - V,)\'' |1 + i(«3 - V2)\'' f |1 + iU2\'" du2 

./- "3 -"2 



« |1 + Z(^.i - i;3)ni + ^(1)3 - ^^l)!'^ |1 + ^(^^3 - z;2)|''^+--{"-^3 + l} 

as before. Then 

/i « |i + »(^;3 - ^^i)!'^ |i + ^{V3 - „2)|''^+"-'^{°-''3+i> 

|1 + i{u, - i;i)r^ |1 + i{u, - i;2)r^ |1 + i{u, - V3)r+' dui, 



and splitting this integral at "^1""^ , we obtain 



/i, = |1 + ^iv, - v,)\'^ |1 + ^{V3 - „2)|''^+--{0'''3+i} 

|1 + iuiTMl + «(wi + 1^1 - W2)r' |1 + iiui +Vi- V3)\'''+'dui 







« |1 + 1{V3 - V,)r+''+' |1 + 1{V3 - {0^^3 + 1} 

and similarly for /2a, giving 

/l « |1 + Z(i;3 - „2)|-3+fi+b2+&3+c+l+e 1^ ^ ^(^^ _ ^^^|a,+a2 + l+. ^ 

using i;3 — wi X 1)3 — W2 and the hypotheses on a and b. 
Similarly, we have 

/2 « |1 + 1{VI - V2)r^'''^'^' |1 + 1{V3 - 1^3+61+62+63+0+1+. 

+ |1 + iivi - ^,2)|-i+-^+''i+-+l+^ |1 + - ^^)|a3+62+ft3 + l+. 
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Now the third integral becomes 

h= I I \l + i{ui - U2)\'' \l + i{ui + V2 - vi)\°"^ \l + iui 

|1 + i{ui +V2- V3)r |1 + i{U2 + V2- Vi)\^' 

|1 + m2|^^ |1 + i{u2 + V2- va)]^^ du2 dui 

^\l + i{V2-Vi)r\l + i{V2-V3)r+''' 

/ ' / ' \i+i{u^+u2)ni+iu,r 

Jo Jo 

|1 + i{U2 + V2 — Vi)f'^ |1 + iU2f'^ dU2dU\, 

and this we split into three pieces at U2 = ui and U2 = "^""^ • 



0.2 



2 



+ / \1 + iu2f^ du2 dui 



^0 

« |1 + i{V2 - Vi)r+'" |1 + i{V2 - V3)r+'" 





« |1 + 1{V2 - „^)|-i+«2+6i+6.+c+l+. 1^ ^ ^(^^ _ ^3)|a3+b3 ^ 
hb >; |1 + i{V2 - Vl)r+'" |1 + liv2 - V3)r^'' 

/ ' |l + zui|"' / ' \l + iu2\^^^''du2dui 

JO Jui 

« |1 + 1{V2 - v,)r+''' |1 + 1{V2 - v:i)r+'' 

I ' \l + iu,\'''(^\l + iui\''+''+' + \l + i{V2-Vi)\''+'+'+')du, 

he ^< |1 + ^{V2 - v,)r |1 + i{v2 - V3)r^'" 



r 

Jo 



/o 

< |1 + z(f2 - |1 + i(t;2 - fa)!' 

lfei+62+c+l , I , |&i+62+c+l+e\ 



{\V2-V,t+'^+''+' + \V3-V2\ 



□ 



7.1. The Jw,ij. and i^^Ji.j Functions. The ordering of the integrals of J^^^ and 
,j that we have been using is structured for writing the residues and determining 
the asymptotics in y, this makes it somewhat more difficult for bounding the rcsiilt 
as the quadruple of integrals in s and t do not have sufficient exponential decay 
and hence need to be handled using the results of the section on beta functions. 



38 



JACK BUTTCANE 



That said, we want separate the integrals of G* and its residues, i.e. the u and r 
integrals for the long element functions, and compute bounds for the integrals of s 
and t and the three relevent residues in s and t first, the integrals in u and r to be 
taken later. The contours have generally been chosen so that the s and t integrals 
are bounded by at most a constant multiple of \y2\~^'^^'^^\ so the u and r 

integrals can be evaluated by the results of the previous section. This is true for all 
but Ew,,7 and the intermediate Weyl element terms, where we actually have some 
extra decay in u and r, which we ignore for convenience. 

Proposition 20. For the contours given in Table\^ we have absolute convergence 
of all of the weight functions with 

E 1/^^ - 1^^'™^ iM3' - i^^i^^'''' \i^2 ~ Mri^^^™^ , 

Ww^Ayn-^mi ml Ims-miT m-i^2\'' 1^2 -Mir 
\Jw,Ay)\<^\yi\ m |/i3-Mir 1^3-^2!" 1^2-^1!' 



|i?™,a(M,2/)l«l2/iP+ 1^21 

Ims' - Mrr - M2 r IM2 - 



|i?^„2(M,2/)l«l2/iP+''|y2p+'^ 

l-E^™,,3(Ai,2/)l < lyir l2/2h iMa-Mir |M3-Ai2r 1^2-^1!" 



|i?»„5(M,2/)l«l2/iP+''|y2|^+'^ 

IM3 - Ml I IM3 - M2 I IM2 - Ml I 

I-E^«.,.6(m,2/)I < lyir 12/2^ lM3-Mir |M3-M2r |M2-Mir 
|i?»„7(M,2/)l«l2/iP+'^|y2|^+'^ 

E - Mrp+'°°^ iM^ - M^p+^"°' iM^ - Mrr™^ . 



Partial proof of Proposition \2(A Bounding the s and t integrals is highly repetitive 
and simply involves applying Holder's inequality many times, so we include one 
example and leave the remaining six to the reader. We tackle the most difficult 
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case, and examine the integral 

I I \iyi\~''\4y2\~'' A^,{r,s,t,u,v)r{si-ui)r{s2-U2-ti) 

jRe(s)=s JRe(t)=t 

r (ii) r (1 + Si - ra) r {h + ta) r (1 + S2 - ri - ti - t2) 

^ f Ui - Si - S2 + n + t2 1 + 2ui - 2U2 - Si + S2 - ri - i2 ' 

JD 

B 



2 ' 2 

-si — S2 + r2 — ^2 — 3mi + 2u2 + 2si — 2s2 + ri — r2 + ^2 



2 ' 2 



in the case 

u=-i-(4e,6e), r = (^i - 6e, lOOe^ , s = -l-3e, t=(2e,0). 

We bound this quantity by taking the absolute value of the integrand, call the 
resulting integral |, and assume that the real part of each variable is fixed. 
For brevity, we introduce the shorthand 

B ("'^ \ := Wr Ivf \u + exp - J (|ImH| + \Im{v)\ - |Im(u + ^)|) , 

and supress terms O (e^), then 
l^u-J {y,r,u,v) 

« |2/2|^+'^ / / |si - «ir^+^ \S2 -U2- h\-'^+' 

^Re(s)=s JRe(t)=t 
|1 + Si - r2\~'°^' \tl + t2n+^' |1 + S2 - n - ii - t2\-'^+' 

B 



B 



-2e, -j + 5e^ mi - si - S2 + ri + ta, 

— ^ — 3e ' 1 + 2ui — 2u2 — si + S2 — n — i2 

53e, -53e^ -Si - S2 + r2 - t2, 

-\ '-3ui +2u2 + 2si - 2s2 + ri - r2 +t2 



\^-i-4e'l-U2-si + S2-riy ' ' 
Applying Holder's inequality with fractions 53e, 2e, and 1— 55e gives the integrals: 

|Sl - Uip^"'' |S2 -U2- ti\~^~^ l^ll"^"^ 



Re(s)=s JRc(t)=t 

by evaluating t2i then fi, then S2 and si with the results of the section on beta 
functions. 



40 



JACK BUTTCANE 



/ / \si-u,\-'-^\h\-'-' 

JRe(s)=s JRe(t)=t 



\-4: - e 1 - U2 - si + S2 ~ n J ' 
by sending S2 S2 + 12, and evaluating in the same order. 



/3 = / / \SI- Ui\-^ + ^' \S2 -U2- h\-^ + ^' \tl\-^ + ^' 

JRe(s)=s JRe(t)=t 



2^^ 2 



|1 + Si - r2| |ti + t2\~^~^' \l + S2-n-h- t2\~ 

/-2e, -|-fe. ui - si - S2 +ri +i2, 
V -i-x^ 'l + 2ui-2u2-si + S2-ri-i2 

|3ui - 2«2 - si + 3.S2 - riT'+T^ 

1 47 , 

|2-U2 - si +S2 -ri - 2ti - tal " ^ |c?t| |ds| . 

Now we apply Holder's inequality to t2 with fractions ^ — 27e, 2e, -'^e, j + x^' 
I — ^e, grouping as follows: 

\ti + t2r^+''' \i + s2-n-h- t2r'+''' 

|ui — Si — S2 + ri + ^2!" "^11 + 2mi — 2w2 — si + S2 — ri — ^2!" 

.-ISSlc , , 105 ^ 

\ti+t2\ ^ '\2-u2- Si + S2-ri-2h-t2\ ^ " 

,-lMt , , 103 - 

|1 + S2 -ri -ti -t2| 2 |2-U2-Si+S2"?'l-2fi-i2| = 

|1 + 2mi - 2i72 - Si + S2 - ri - t2\~^~^' \2-u2- si + S2-ri- 2ti - ^2!"^"^" 

1 I 341 

|2-'U2-si+S2-ri-2ti-t2| ^+ ^ % 
which gives us 



h^l I \Sl-Ui\ '^^'^'\S2-U2-tx\ 

jRe(s)=s JRe(ti)=ti 



|1 + Si - r2r^°^' |1 + 3ui - 2m2 - 2si|-^-¥' 
|3ui - 2w2 - si + 3s2 - ri|"^+^' |1 + S2 - ri| 

I- — e 103 , 

|2 - M2 - Si + S2 - ri - til 2 |1 - M2 - Si - 2ri - ti| 

|1 - 2ui + U2 - 2tip^"^' \dti\ \ds\ . 



Now Holder in ti with fractions | — T'^^'T'^^ 4 +T^' Pairing in order of appearance, 
gives 



/3</ |Sl-Ml| ^"^=^'|S2-U2| * ^'|l + Sl-r2| 

jRe(s)=s 

1 75 , 1_1_51, 

|1 + 3ui - 2u2 - 2si| ^ ^'|3ui-2u2-si+3s2-ri| 2+ 2' 

1 I O'?^ 103 , 

|1 + S2 - rir5+2^^ |1 + S2 + rip — ' |ds| . 
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Now Holder in S2 with fractions 3 + — pairing in order of appearance, 
gives 

r , ,_ 1 -1-61 « , , ini « , , 1 75 , 

h<^ I |si-wi| 2+^'|l + si-r2| ^"^'|l + 3ui-2u2-2si| * 

JRe(si)=6i 

|-3 + 3mi - 2u2 - si +2ri|"3+3« 

□ 
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